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1. INTRODUCTION

In 1965, Zadeh [14] introduced fuzzy sets and
in 1968, Chang [2] introduced fuzzy topology. After the
introduction of fuzzy set and fuzzy topology, several
authors were conducted on the generalization of these
notions. In 1986, the notion of intuitionistic fuzzy sets
was introduced by Atanassov [1] as a generalization of
fuzzy sets. In 1997, Coker [3] introduced the concept of
intuitionistic fuzzy topological spaces. In this paper, we
introduce intuitionistic fuzzy generalized semipre
regular closed sets and intuitionistic fuzzy generalized
semipre regular open sets in intuitionistic fuzzy
topological space. We study some of its properties in
intuitionistic fuzzy topological spaces.

2. PRELIMINARIES

Throughout this paper, (X, 1) or X denotes the
intuitionistic fuzzy topological spaces (briefly IFTS).
For a subset A of X, the closure, the interior and the
complement of A are denoted by cl(A), int(A) and A°
respectively. We recall some basic definitions that are
used in the sequel.

Definition 2.1: [1] Let X be a non-empty fixed set.
An intuitionistic fuzzy set (IFS in short) A in X is an
object having the form
A={(X, pa(x), va(x))/ X € X}

where the functions pa: X —[0,1] and va: X —[0,1]
denote the degree of membership (namely pa(x)) and
the degree of non-membership (namely va(X)) of each
element x € X to the set A, respectively, and
0 < pa(x) +va(x) < 1 for each x € X. Denote by IFS(X),
the set of all intuitionistic fuzzy sets in X.

Definition 2.2: [1] Let A and B be IFSs of the form

A = {{(X, HaX), vaX)}) x € X} and B =

{{x, ua(x), va(X))/ x€ X}. Then

(i) A c B ifand only if pa(x) < ps(x) and va(x) >
vg(x) forall x € X,

(i) A=Bifandonlyif A<SBand B CA,

(i) A°={(x, va(x), Ha(X)) X € X },

(iv) A? B = { (X, Ha(X) A Hs(X), Va(X) V va(X))/ X €
X}
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(V) AUB={ (X Ha(¥) V Ua(x), va(X) A va(X))/ X €
X3}

For the sake of simplicity, we shall use the notation A =

(X, U, va) instead of A = {(X, Ha(X), va(X))/ X € X}.

Definition 2.3: [3] An intuitionistic fuzzy topology
(IFT in short) on X is a family t of IFSs in X satisfying
the following axioms:

i 0,1l €1,

(i) G1N G, €T, for any Gy, Gy € 1,

(iii) U Gj€ 1 for any family {G;/i€J}c .

In this case the pair (X, 1) is called an intuitionistic
fuzzy topological space (IFTS in short) and any IFS in 1
is known as an intuitionistic fuzzy open set (IFOS in
short) in X. The complement A® of an IFOS A in an
IFTS (X, 1) is called an intuitionistic fuzzy closed set
(IFCS in short) in X.

Definition 2.4: [3] Let (X, 1) be an IFTS and A =
(X, Ha, va) be an IFS in X. Then the intuitionistic fuzzy
interior and an intuitionistic fuzzy closure are defined by
intf(A) = U{G/GisanIFOSin XandGc A},
cl(A)=N{K/KisanIFCSin Xand AS K }.

Definition 2.5: [4] An IFS A of an IFTS (X, 1) is

an

(i) intuitionistic fuzzy regular closed set (IFRCS in
short) if A = cl(int(A)),

(if) intuitionistic fuzzy regular open set (IFROS in
short) if A = int(cl(A)),

(iii) intuitionistic fuzzy semiclosed set (IFSCS in short)
if int(cl(A)) € A,

(iv) intuitionistic fuzzy semiopen set (IFSOS in short)
if A c cl(int(A)),

(v) intuitionistic fuzzy preclosed set (IFPCS in short)
if cl(int(A)) € A,

(vi) intuitionistic fuzzy preopen set (IFPOS in short) if
A < int(cl(A)).

Definition 2.6: [13] An IFS A of an IFTS (X, 1) is
an
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(i) intuitionistic fuzzy semipre closed set (IFSPCS in
short) if there exists an IFPCS B such that
int(B) € A € B,

(if) intuitionistic fuzzy semipre open set (IFSPOS in
short) if there exists an IFPOS B such that
B < A ccl(B).

Definition 2.7: [6] An IFS A is an IFTS (X, 1) is
said to be an intuitionistic fuzzy generalized semipre
closed set (IFGSPCS) if spcl(A) € U whenever A € U
and U is an IFSOS in (X, 7). An IFS A of an IFTS (X, 1)
is called an intuitionistic fuzzy generalized semipre open
set (IFGSPOS in short) if A®is an IFGSPCS in (X, 1).

Definition 2.8: [12] An IFS A in an IFTS (X, 1) is
said to be an intuitionistic fuzzy semipre generalized
closed set (IFSPGCS for short) if spcl(A) S U whenever
A C€ U and U is an IFSOS in (X, 1).

Every IFCS, IFSCS, IFRCS, IFPCS, IFSPCS, is an
IFSPGCS but the converses are not true in general.

Definition 2.9: [11] The complement A° of an
IFSPGCS A in an IFTS (X, 1) is called an intuitionistic
fuzzy semipre generalized open set (IFSPGOS for short)
in X.

Definition 2.10: [6] Let A be an IFS in an IFTS
(X, t). Then

(i) spint(A)=uU{G/GisanIFSPOSin Xand G €A},
(i) spcl (A)=N{K/Kisan IFSPCS in X and A €K }.

Note that for any IFS A in (X, 1), we have spcl(A°) =
(spint(A))° and spint(A°®) = (spcl(A))°.

Definition 2.11: Let A be an IFS in an IFTS (X, 7).
Then
(i)  intuitionistic fuzzy regular generalized closed set

(IFRGCS for short) if cl(A) < U whenever Ac U
and U is an intuitionistic fuzzy regular open in X
[8l,

(ii) intuitionistic fuzzy generalized pre regular closed
set (IFGPRCS for short) if pcl(A) € U whenever
Ac U and U is an intuitionistic fuzzy regular open
in X [10],

(iii) intuitionistic fuzzy generalized pre closed set
(IFGPCS for short) if pcl(A) < U whenever Ac U
and U is an intuitionistic fuzzy open in X [5].

An IFS A of an IFTS (X, 1) is called an intuitionistic
fuzzy regular generalized open set, intuitionistic fuzzy
generalized pre regular open set and intuitionistic fuzzy
generalized pre open set (IFRGOS, IFGPROS and
IFGPOS in short) if the complement A is an IFRGCS,
IFGPRCS and IFGPCS respectively.

Definition 2.12: [9] An IFTS (X, 1) is said to be an
intuitionistic fuzzy Ty, (IFTy, for short) space if every
intuitionistic fuzzy generalized closed set in X is an
intuitionistic fuzzy closed set in X.

Definition 2.13: [7] Let Let o, B € [0, 1] and
a + B < 1. An intuitionistic fuzzy point (IFP for short)
P p OF X is an IFS of X defined by

_ ((@p) if y=x
P, p) (Y) = {(0‘ 1) if y#X
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3. INTUITIONISTIC
GENERALIZED
REGULAR CLOSED SETS

FUZZY
SEMIPRE

In this section we have introduced intuitionistic fuzzy
generalized semipre regular closed sets and have studied
some of its properties.

Definition 3.1: An IFS A in an IFTS (X, 1) is said
to be an intuitionistic fuzzy generalized semipre regular
closed set (IFGSPRCS for short) if spcl(A) < U
whenever A € U and U is an IFROS in (X, 1). The
family of all IFGSPRCSs of an IFTS(X, 1) is denoted by
IFGSPRC(X).

For the sake of simplicity, we shall use the notation A=
(x, (u, p), (v, v)) instead of A= (x,(a/ls b/pp), (a/vy,
b/vy)) in all the examples used in this paper.

Example 3.2: Let X= {a, b} and G= (x, (0.5, 0.4),
(0.5, 0.6)). Then t= {0-, G, 1_} is an IFT on X and the
IFS A= (x, (04, 0.2), (0.6, 0.7)) is an IFGSPRCS in
X, 7).

Theorem 3.3: Every IFCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFCS. Let A< U and U be an
IFROS in (X, t). Then spcl(A) € cl(A) = A c U, by
hypothesis. Hence A is an IFGSPRCS in (X, 1).

Example 3.4: In Example 3.2, the IFS A= (x,
(0.4, 0.2), (0.6, 0.7)) is an IFGSPRCS but not an IFCS
in (X, 7).

Theorem 3.5: Every IFRGCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFRGCS. Let A< U and U be an
IFROS in (X, 7). Then spcl(A) < cl(A) € U, by
hypothesis. Hence A is an IFGSPRCS in (X, 1).

Example 3.6: Let X= {a, b} and G= (x, (0.5, 0.4),
(0.5, 0.6)). Then = {0-, G, 1.} is an IFT on X and the
IFS A= (x, (0.4, 0.2), (0.6, 0.7)) is an IFGSPRCS in
(X, 7) but not an IFRGCS in (X, 7).

Theorem 3.7: Every IFGPRCS in (X, 1) is an
IFGSPRCS in (X, 7) but not conversely.

Proof: Let A be an IFGPRCS and A € U, U be an
IFROS in (X, 7). Then spcl(A) € pcl(A), since pcl(A) <
U. We have spcl(A)< U. Hence A is an IFGSPRCS in
X, 7).

Example 3.8: Let X= {a, b} and G,= (x, (0.7, 0.8),
(03, 0.2)), G,= (x, (0.2, 0.1), (0.8, 0.9)), Gs= (X,
(0.5, 0.6), (0.5, 0.4)) and G,= (x, (0.6, 0.7), (0.4, 0.3)).
Then T = {0-, G, Gy, G3, G4, 1.} is an IFT on X and the
IFS A= (x, (0.7, 0.8), (0.3, 0.2)) is an IFGSPRCS but not
an IFGPRCS in (X, 7).

Theorem 3.9: Every IFPCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.
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Proof: Let A be an IFPCS in (X, 1) and let A € U, U
be an IFROS in (X, 7). Then spcl(A) € pcl(A) =Ac U,
by hypothesis. Hence is an IFGSPRCS in (X, 1).

Example 3.10: Let X= {a, b} and G= (x, (0.3, 0.2),
(0.6, 0.6)). Then t = {0-, G, 1.} isan IFT on X and the
IFS A= (x, (0.3, 0.2), (0.6, 0.6)) is an IFGSPRCS in
(X, t) but not an IFPCS in (X, 7).

Theorem 3.11: Every IFGPCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFGPCS in (X, 7). Let A € U and
U be an IFROS in (X, 7). Since every IFROS in (X, 1)
is an IFOS in (X, t). Then spcl(A) < pcl(A) € U.
Hence is an IFGSPRCS in (X, 1).

Example 3.12: Let X= {a, b} and G= (x, (0.3, 0.6),
(0.7, 0.4)). Then 7= {0-, G, 1.} is an IFT on X and the
IFS A= (x, (0.3, 0.6), (0.7, 0.4)) is an IFGSPRCS in
(X, t) but not an IFGPCS in (X, 7).

Theorem 3.13: Every IFRCS in (X, t) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFRCS in (X, 1). Since every
IFRCS is an IFCS, by Theorem 3.3., A is an IFGSPRCS
in (X, 1).

Example 3.14: In Example 3.2, the IFS A= (x,
(0.4, 0.2), (0.6, 0.7)) is an IFGSPRCS but not an IFRCS
in (X, 7).

Theorem 3.15: Every IFSCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFSCS in (X, 7). Let A € U and
U be an IFROS in (X, 1). Since spcl(A) S scl(A) = A c
U. Hence spcl(A) < U. Therefore A is an IFGSPRCS in
X, ).

Example 3.16: In Example 3.2, the IFS A= (x,
(0.4, 0.2), (0.6, 0.7)) is an IFGSPRCS but not an IFSCS
in (X, 7).

Theorem 3.17: Every IFSPCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFSPCS and A < U, U be an
IFROS in (X, 1). Then since spcl(A)= A and Ac U, we
have spcl(A)< U. Hence A is an IFGSPRCS in (X, 7).

Example 3.18: Let X= {a, b} and G,;= (x,
(0.7, 0.8), (0.3, 0.2)), Go=(x, (0.2, 0.1), (0.8, 0.9)), G3=
(x, (0.5, 0.6), (0.5, 0.4)) and G,= (x, (0.6, 0.7),
(0.4, 0.3)). Then = {0, Gy, Gy, Gz, G4, 1} is an IFT
on X and the IFS A= (x, (09, 0.6), (0.1, 0.4)) is an
IFGSPRCS but not an IFSPCS in (X, 7).

Theorem 3.19: Every IFSPGCS in (X, 1) is an
IFGSPRCS in (X, 1) but not conversely.

Proof: Let A be an IFSPGCS in (X, 7). Let AC U
and U is an IFROS in (X, t). Since every IFROS in
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(X, 1) is an IFOS in (X, 1) and every IFOS in (X, 1) is an
IFSOS in (X, 7). We have spcl(A) € U, by hypothesis.
Hence Ais an IFGSPRCS in (X, 7).

Example 3.20: In Example 3.12,, the IFS A= (x,
(0.3, 0.6), (0.7, 0.4)) is an IFGSPRCS in (X, t) but not
an [FSPGCS in (X, 7).

Theorem 3.21: Every IFGSPCS in (X, 1) is an
IFGSPRCS in (X, t) but not conversely.

Proof: Let A be an IFGSPCS in (X, 7). Let A € U
and U is an IFROS in (X, 1). Since every IFROS in
(X, 1) is an IFOS in (X, 7). We have spcl(A) € U, by
hypothesis. Hence A is an IFGSPRCS in (X, 1).

Example 3.22: In Example 3.12,, the IFS A= (x,
(0.3, 0.6), (0.7, 0.4)) is an IFGSPRCS in (X, t) but not
an IFGSPCS in (X, 7).

In the following diagram, we have provided the relation
between various types of intuitionistic fuzzy closedness.

IFCS — IFRGCS —» IFGPRCS

T \

IFRCS —» IFPCS —»IFGPCS —» IFGSPRCS

l T

IFSCS — IFSPCS —» IFSPGCS —» IFGSPCS

In this diagram by “A — B” we mean A implies B
but not conversely.

Theorem 3.23: Let (X, 1) be an IFTS. Then for
every A € IFGSPRC(X) and for every IFS B € IFS(X),
A c B c spcl(A) implies B € IFGSPRC(X).

Proof: LetB < UandU isan IFROS in (X, ). Then
since A € B, A € U. Since A is an IFGSPRCS, it
follows that spcl(A) € U. Now B < spcl(A) implies
spcl(B) < spcl(spcl(A)) = spcl(A). Thus, spcl(B) € U.
This proves that B € IFGSPRC(X).

Theorem 3.24: if A is an IFROS and an
IFGSPRCS in (X, 1), then A is an IFSPCS in (X, 1).

Proof: Since A € Aand Ais an IFROS in (X, 1), by
hypothesis, spcl(A) © A. But since A < spcl(A).
Therefore spcl(A) = A. Hence Ais an IFSPCS in (X, 7).

Theorem 3.25: Let (X, 1) be an IFTS. Then for
every A € IFSPC(X) and for every IFS B in X, int(A) €
B € A = B € IFGSPRC(X).

Proof: Let A be an IFSPCS in X. Then there exists
an IFPCS, say C such that int(C) € A € C. By
hypothesis, B € A. Therefore B < C. Since int(C) € A,
int(C) < int(A) and int(C) < B. Thus int(C) c Bc C
and by Definition 2.6., B € IFSPC(X). Hence by
Theorem 3.17, B € IFGSPRC(X).
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4. INTUITIONISTIC
GENERALIZED
REGULAR OPEN SETS

FUZZY
SEMIPRE

In this section we have introduced intuitionistic fuzzy
generalized semipre regular open sets and have studied
some of its properties.

Definition 4.1: An IFS A is said to be an
intuitionistic fuzzy generalized semipre regular open set
(IFGSPROS for short) in (X, 1) if the complement A°® is
an IFGSPRCS in X.

The family of all IFGSPROSs of an IFTS (X, 1) is
denoted by IFGSPRO(X).

Theorem 4.2: Every IFOS, IFRGOS, IFGPROS,
IFPOS, IFGPOS, IFROS, IFSOS, IFSPOS, IFSPGOS,
IFGSPOS is an IFGSPROS but the converses are not
true in general.

Proof: straight forward

Example 4.3: Let X= {a, b} and G= (x, (0.5, 0.4),
(0.5, 0.6)). Then 1= {0-, G, 1.} is an IFT on X and the
IFS A= (x, (0.6, 0.7),(04, 0.2)) is an IFGSPROS in
(X, 1) but not an IFOS, IFSOS, IFROS, IFRGOS in
X, 7).

Example 4.4: Let X={a, b} and G = (x, (0.3, 0.6),
(0.7, 0.4)). Then t = {0-, G, 1-} is an IFT on X and the
IFS A = (x, (0.7, 0.4),(03, 0.6)) is an IFGSPROS in
(X, 1) but not an IFGPOS, IFSPGOS, IFGSPOS in
X, 7).

Example 4.5: Let X= {a, b} and G, = (x, (0.7, 0.8),
0.3, 0.2)), G, = (x, (0.2, 0.1), (0.8, 0.9)), Gs= (X,
(0.5, 0.6), (0.5, 0.4)) and G, = (x, (0.6, 0.7), (0.4, 0.3)).
Then 1= {0-, Gy, Gy, G3, G4, 1-} is an IFT on X and the
IFS A = (x, (0.3, 0.2), (07, 0.8)) is an IFGSPROS but
not an IFGPROS in (X, 7).

Example 4.6: Let X = {a, b} and G= (x, (0.3, 0.2),
(0.6, 0.6)). Then © = {0-, G, 1.} is an IFT on X and the
IFS A = (x, (0.6, 0.6),(03, 0.2)) is an IFGSPROS in
(X, t) but not an IFPOS in (X, 7).

Example 4.7: Let X= {a, b} and G, = (x, (0.7, 0.8),
(0.3, 0.2)), G, = (x, (0.2, 0.1), (0.8, 0.9)), G3 = (X,
(0.5, 0.6), (0.5, 0.4)) and G4 = (x, (0.6, 0.7), (0.4, 0.3)).
Then t= {0-, Gy, Gy, G3, G4, 1-} is an IFT on X and the
IFS A = (x, (0.9, 0.6), (01, 0.4)) is an IFGSPROS but
not an IFSPOS in (X, 7).

Theorem 4.8: Let (X, 1) be a IFTS. Then for every
A € IFGSPRO(X) and for every B € IFS(X), spint(A) <
B < Aimplies B € IFGSPRO(X).

Proof: Let A be any IFGSPROS of X and B be any
IFS of X. By hypothesis spint(A) € B € A. Then A® is
an IFGSPRCS in X and A° € B® € spcl(A%). By
Theorem 3.23., B®is an IFGSPRCS in (X, 7). Therefore
B is an IFGSPROS in (X, 7). Hence B € IFGSPRO(X).

www.ijcat.com

Theorem 4.9: An IFS A of an IFTS (X, 1) is an
IFGSPROS in (X, 1) if and only is F < spint (A)
whenever F is an IFRCS in (X, 1) and F € A.

Proof: Necessity: Suppose A is an IFGSPROS in
(X, 7). Let F be an IFRCS in (X, 1) such that F € A.
Then F© is an IFROS and A° € F°. By hypothesis A° is
an IFGSPRCS in (X, 1), we have spcl(A®)c F
Therefore F < spint (A).

Sufficiency: Let U be an IFROS in (X, 1) such that
A° © U. By hypothesis, U° < spint (A). Therefore
spcl(A®) € U and A is an IFGSPRCS in (X, t). Hence
Adis an IFGSPROS in (X, 1).

Theorem 4.10: Let (X, 1) be an IFTS then for
every A € IFSPO(X) and for every IFSBin X, ASBC
cl(A) implies B € IFGSPRO(X).

Proof: Let A be an IFSPOS in X. Then by
Definition 2.6., there exists an IFPOS, say C such that C
€ A c cl(C). By hypothesis A < B. Therefore C < B.
Since A c cl(C), cl(A) < cl(C) and B < cl(C). Thus C
c B ccl(C).

This implies that B is an IFSPOS in X. Then By
Theorem 4.2, B is an IFGSPROS. That is B €
IFGSPRO(X).

5. APPLICATIONS OF
INTUITIONISTIC FUZZY
GENERALIZED SEMIPRE

REGULAR CLOSED SETS

In this section we have provided some
applications of intuitionistic fuzzy generalized semipre
regular closed sets in intuitionistic fuzzy topological
spaces.

Definition 5.1: If every IFGSPRCS in (X, 1) is an
IFSPCS in (X, 1), then the space can be called as an
intuitionistic fuzzy semipre regular Ty, (IFSPRTy, for
short) space.

Theorem 5.2: An IFTS (X, 1) is an IFSPRTy,
space if and only if IFSPOS(X) = IFGSPRO(X).

Proof: Necessity: Let (X, 1) be an IFSPRTy,
space. Let A be an IFGSPROS in (X, 1). By
hypothesis, A® is an IFGSPRCS in (X, 1) and therefore
A is an IFSPOS in (X, 1). Hence IFSPO(X) =
IFGSPRO(X).

Sufficiency: Let IFSPO(X, 1) = IFGSPRO(X, 1).
Let A be an IFGSPRCS in (X, t). Then A° is an
IFSPOS in (X, T). By hypothesis, A® is an IFSPOS in
(X, 1) and therefore A is an IFSPCS in (X, t). Hence
(X, t) is an [FSPRT, space.

Remark 5.3: Not every IFSPRTy, space is an
IFTy, space. This can be seen easily by the following
example.

Example 5.4: Let X= {a, b} and let = {0_, G, 1.}
where G= (x, (0.5, 0.4), (0.5, 0.6)). Then X is an
IFSPRTy, space but not an IFTy, space.
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Theorem 5.5: For any IFS A in (X, 1) where X is
an IFSPRTy,, space, A € IFGSPRO(X) if and only if for
every IFP pg, s € A, there exists an IFGSPROS B in X
such that pe, s € B € A

Proof: Necessity: If A € IFGSPRO(X), then we
can take B= A so that p(,, g € B S A for every IFP p, g
€A

Sufficiency: Let A be an IFS in (X, 1) and assume
that there exists B € IFGSPRO(X) such that pp € B
A. Since X is an IFSPRTy, space, B is an IFSPOS.
Then A= Up@pea (P(@B)} S UpupeaB S A
Therefore A= Up,p) e a B, which is an IFSPOS. Hence
by Theorem 4.2., Aiis an IFGSPROS in (X, 1).

Definition 5.6: An IFTS(X, 1) is said to be an
intuitionistic fuzzy semipre regular T'y, space
(IFSPRT "y, space for short) if every IFGSPRCS is an
IFCS in (X, 7).

Remark 5.7: Every IFSPRT"y, space is an
IFSPRT,, space but not conversely.

Proof: Assume be an IFSPRT 1, space. Let Abean
IFGSPRCS in (X, t). By hypothesis, A is an IFCS.
Since every IFCS is an IFSPCS, A is an IFSPCS in (X,
7). Hence (X, t) is an IFSPRT, space.

Example 5.8: Let X= {a, b} and let = {0_, G, 1.}
where G= (x, (0.5, 0.4), (0.5, 0.6)). Then (X, 1) is an
IFSPRT;,, space but not an IFSPRT "y, space, since the
IFS G is an IFGSPRCS in (X, 1) but not an IFCS in (X,
1), as cl(G)= G #G.
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